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1. Summarx
Abrief description of the methods and a package of FORTRAN-IV-
Subroutines together with main programs and sampIe problems are
given for fitting data in the sense of least squares to one
I
and se~eral exponentials.
/
After/a brief look at the given subroutines these can also be
used without our main programs.
2. Introduction
Let data points (xi' Yi) be given with associated weights p~
(i = 1, ••. ,n). We want to fit one of the following functions
f 1(X) -bxae
f 2(x)
-bx
ae + c
f 3(x)
-bx dae + cx +
to the data in the sense of least squares, that is to determine
the parameters of the functions such that
S
is aminimum.
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3· Method for Models f 1 , f 2,and f 3
The method for all three models is the same (published for f 2 inlJJ). From the necessary conditions for S having a stationary point
grad S "" Ö
we eliminate the linearly appea~ing parameters a or a, C or a, c, d,
respectively. Putting these expressions in the remaining equations
of (3), weiget one equation in one variable
r
(k 1, 2, 3)
Having found a zero of (4), we can also obtain the corresponding
values for the linear parameters and have a stationary point of (2).
By tabulating Fk = Fk(b) and S = S(b) this method allows to find
intervals for all stationary points of Sand therefore, if existing,
the absolute minimum of S,
Subroutines for the functions Fk are listed below as F1, F2, and F}.
The rootfinder is a simple bisection method and the corresponding
subroutine has the name BISECT. The main program allows to find a
zero of (4) with relative accuracy EPS and the corresponding linear
parameters if an interval ffi1, B:il is given wi th sign Fk(B1) l~
sign Fk (B2).
The main program requires the following input data. (A new number
means the beginning of a new card).
IFF If IFF ~ 0 then go to 11 else end of input
data
_ i
1
-f
~,
, 11.
NG
NB
B1
B2
EPS
lifumber of data points (2~N~1ooo)
Weighting~
If NG> 0, the weights (P(I), I 1,N)
are read in.
If NG = 0, the main program sets
p( I) = 1. (I = 1, N)
If NG < 0, the main program sets
P(I) = 1./Y(I) (I 1,N)
Iw 1 model f 1
NB 2 model f 2
}\1]3 3 model f 3
Required interval for the exponent b. If
sign FNB (B1) = sign FNB (B2) the main program
is left without results
Required relative accuracy parameter for b
111. (X(I), 1=1,N) given abscissae
IV. (Y(1), I=1,N) given ordinates
V. (P(1), 1=1,N) if HG >0, given weights
Start at 1.
. An example for input data and the corresponding output is listed
below.
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C MAINPROGRAM FOR PITTING WITH ONE EXPONENTIAl
DIMENSION X(I ),Y(1000),P(lCOC)
CO~~CN N,X,Y,P,A,C,C
EXTERNAL Fl,F2,FJ
KI=B
KO=9
1000 READ(KI"llIFF
IF( IFF)999,H:,Ei
10 READ(KI,I) N,NG,NB,Bl,ß2,EPS
REAO(K[,I){X{I),I=I,N)
REAO(KI,l)(Y(I},I=l,N)
IF(NG)14,12,11
11 REArr(KI,l)(P(I},I=l,N)
GOTO 16
12 CO 13 1=1, N
13 P{Il=I.
GO Ta 16
14 CO 15 1=1, N
15 P( Il=I./Y( I)
16 WRITE(KC,U'N
IF(NB-2J17,18,19
17 WRITE(KO,2)
CALL BISECT(fl,Bl,ß2,B,EPS,KENN)
C=O.
0=0.
GO Ta 21)
18 WRITE(KC,3}
CALL BISECT{r2~ßl,B2,ß,EPS,KENN)
D=C.
GO TO 20
19 WRITE(KO,4}
CALL BISECT(F3,Bl,ß2,B,EPS,KENN)
2(; H=C.
IF(KENNL~1,22,21
21 WRITE(KO;5)
GO T0 10011
22 WKITE~KO,6) A,R,C,D
WRITE(KC,7)
Da 23 I=l,N
Hl=A*F.XP(-ü*X(I»
IF(NB-2)24,25,26
25 Hl=Hl+C
GO TO 24
26 Hl=Hl+C*X(I)+C
24 H2=Y(I)-Hl
tj=H+P{I)*H2*H2
WRITE(KO,8)X(I),Y(I),Hl,H2,P(I)
23 CONTINUE
WRITE(KO,;~)H
GO Ta 1·::00
r
!
99
1
2
3
4
5
6
7
8
12
3
4
f,
S
6
1
8
-p&..---------- IIIIIlIIIII..........IIIIIIIi......IIIiIIIIII__
~_~c~~J~~cc~c~._~~
__ J
cl
- 5 -
999 STOP
1 FORMAT(lHl, 3H IU,I4,61H DATEN WIRD EIN AUSGLEICH IM SINNE DER KLE
lINSTEN CUADRATE MIT)
2 FORMATtlH ,l6X,24HFtX)=A*EXP(-B*X) GEMACHT)
3 FORMAT(1H,16X,26HFtX)~A*EXP{-B*X)+C GEMACHT)
4 FORMAT(lH ,15X,30HF(X)=A*EXP(-ß*X)+C*X+D GEMACHT)
5 FORMAT(lHO,38HANDERES INTERVALL (Bl,82) ERFORDERLICH)
6 FORMAT(lHO,42HOIE WERTE FUER DIE GEfUNDEN PARAMETER SINDI
llHO,4HA = ,Elt.8/lH ,4HB = ,E16.8/1H ,4HC =: ,E16.8/1H ,4HO ,
2E16.8)
1 FORMATIIHQ'S9H X Y FtX) V-FeX)
1 P/tH )
8 FORMAT ( lX,5E13.S)
9 FORMATtiHO,21HFEHLERQUADRATSUMME = ,E15.S)
SUBROUTINE BISECT( F,SI, B2, B, EPS,KENN)
Fl=FfBH
F2=F{B2)
IftFl*F2)2,2,1
KENN=1
GO TO 8
KENN=O
B3=. 5. ( Bl-liB2)
F3=F(B3)
IFIFl*F3)5,S,4
B=B2
B2=B3
F2=F3
G'O TO 6
B=B1
B1=B3
Fl=F3
IF( ABSt B-B3)-EPS*ABstBl'7,3,3
B=83
RETURN
--- .._ .......IIIIIIrI..._.~.-
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FUNCTION F2(~J
DIMENSION XCIOOO),YtlOOO).PClOOO)
COHMeN N.X.Y,P,A,C,O
Hl,=O.
H2=O.
H3=O.
H4=O.
HS=O.
H6=O.
H1=O.
H8=O.
00 1 1=I,N
S=XC I)
U=EXPC-B*S)
W=PC Il
T=YCI)
Zl=W*U
Z2=Zl*U
Z3=Zl*T
Hl=Hl+W
H2=H2+Z1
H3=H3.fZ2
H4=H4+W*T
HS=HS+Z3
H6=H6+Z1*S
H7=H7+Z2*S
1 H8=H8-Z3*S
OET=1./(Hl*H3-H2*H2J
C=DET*lH3*H4-H2*HS}
A=DET*(Hl*H5-~2*H4)
F2=H8+H6*C+H7*A
RETURN
FUNCTIONFU 8)
DIMENSION XCIOOO),YCIOOO},PCIOOO)
COMMON N,X,Y,P,A,C,D
Hl=O.
H2=O.
H3=O.
H4=O.
00 1 I=I,N
S=XC[)
U=EXP(-ß*S)
W=PCIJ
T=YC[)
H6=w*r*u
HS=W*U*U
Hl=Hl+H6
H2=H2+H5
H3=H3+H6*S
1 H4=H4+.H5*S
A=Hl/H2
Fl=H3*H2-Hl*H4
RETURN
~_ ..
J
t
I
~
I
I
I
I
I
I
I
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FUNCT[ON F3(B)
Dl~ENSION X(lCOO)~YtlOOO).P(1000)
COMMON N,X,y,P,A.C,O
Hl=O.
H2=O.
H3=O.
H4=O.
H5=O.
H6=O.
H7::;O.
H8=O.
H9=O.
Hll=O.
H12=O.
H13=O.
00 1 I=l,N
S=X ( 1)
U=EXP(-B*S)
W=P([)
T=Y( I)
Zl=S*W
Z2=U*W
Z3=S*T
Hl=Hl+W
H2=H2+Z1
1i3=H3+Z2
H4=H4+Z1*S
H5=H5+Z1*U
H6=H6+Z2*U
H7=H7+W*T
H8=H8+Z3*W
H9=H9+l2*T
Hll=Hll+Zl*S*U
H12=H12+Z1*U*U
1 H13=H13+l2*Z3
Pi =H4*H6-H5*H5
P2=H6*H8-H5*H9
P3=H5*H8-H4*H9
Zl=H5*H3-H2*H6
Z2=H2*H9-H3*H8
Z3=H2*U5-H4*H3
OET=1./(Hl*Pl+H2*Zl+H3*Z3)
A=OET*(H7*Z3-t-'1*P3-H2*Z2)
C=OET*(Hl*P2+H7*Zl+H3*Z2)
0=DET*(H7*Pl-~2*P2+H3*P3)
F3=D*H5+C*Hll+A*H12-H13
RETURN
r
.. 8 ..
o
7 -1 1 1. 5. 1.-6
O••5 1. 1.5 2. 2.5 3.5
15.+2 335. 75.17. 4•• 8 .1
o
9 0 2 .03 .07 1.-6
1. 2. 4. 5. 6. 7. 9. 11. 14.
9.1 9.3 8.7 8.5 8.2 8. 7.5 7. 6.5
o
10 -1 3 .6 2. 1.-6
O. 1. 2. 3. 4. 5. 6. 7. 8. 9.
13. 7. 5. 5. 5. 6. 6. 6.5 7. 7.5
-1
ZU 7 DATEN WIRC EIN AUSGLEICH IM SINNE DER KLEINSTEN QUADRAJE MIT
FeX)=A*eXP(-B*X) GEMACHT
OIE WERTE FUER OIE GEFUNCEN PARAMETER SIND
A: 0.15009390E+C4
e = 0.30000019E+01
C = O.OOOOOOOOE+OO
o = O.OOOOOOOOE+Ofj
x y F (X) V-FCX) p
O.OOOOOE+OC
0'.50000 E":OO
0.• 10000E":01
O~I5000E+01
0.20000E+01
O.25000E-fl01
O.35000E+01
O.15000E+04
0.335006+03
O.75000E+02
O.17000E+02
O.40000E+Cl
0.800006+00
0.1<:000E+00
O.15009E+C4 -O.939COE+~O
O.33490E+03 0.95550E-01
O.74727E+Q2 0.27279E+00
O.16674E+02 O.32612E+OO
0.31204E+01 0.27956E+00
O.83014E+OO -O.30142E-Ol
O.41330E-Ol O.58670E-Ol
0.66667E-03
0.29851E-02
O.13333E-()1
0.58824E-Ol
0.25000E+QO
O.12500E+Ol
O.lOCOOE+02
FEHLERQUADRATSUMME = 0.62958709E-01
ci
;~
g
II
_ .._----------------_......-
=t__
t
!
!
I
I
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ZU 9 DATEN ~IRD EIN AUSGLEICH IM SINNE DER KLEINSTEN QUADRATE MIT
F(X)=A~EX~(-B*X)+C GEMACHT
D~E WERTE FUER OIE GEFUNDEN PARAMETER SIND
A ~ O.69868300E+01
B. O.500000ßSE-Ol
C = O.30239113E+C1
o ~ O.OOOOOOOOE+CO
x
O.10000EfOl
0;;' iooat> E+.01
0'.40000 E":O 1
O.50000E+Ol
O.60000EfOl
0;.70000 E+O 1
01.90000 E+O 1
0.11000E+02
0.14000E+02
Y
0.910008+01
0.93000E+Ol
O. 87000E+O 1
0.85000E+Ol
0.82000E+Ol
O. 80000E+O 1
0.75000E+Ol
0.70000E+Ol
0.65000E+Ol
FIX)
0.96700E+Ol
O.93459E+Ol
0.87442E+01
0.84653E+01
0.81999E+Ol
0.79414E+Ol
O.74789E+01
0.10550E+01
0.64935E+Ol
Y-FIX)
0.30<111E-01
-0.45856E-<n
-0.44243E-Ol
0.34141E-01
0.11890E-03
0.52554E-Ol
0.21091E-Ol
-O.S4960E-Ol
O.65334E-02
P
0.10000E+Ol
0.10000E+Ol
0.10000E+Ol
0.10000E+Ol
O.ICOOOE+Ol
0.10000E+Ol
0.10000E+01
0.10000E+Ol
O.lCOOOE+Ol
I
I
!
FEMlERQUADRATSUMME = 0.12437845E-Ol
ZU 10 DATEN WIRD EIN AUSGLEICH IM SINNE DER KLEINSTEN Q~ADRATE MIT
F(X)=A*EXP(-B*X)+C*X+D GEMACHT
DiE WE~TE FUER DIE GEFUNDEN PARAMETER SIND
A = 0.96505729E+C1
B = 0.13000013E+01
C = 0.43015678EHiO
D = 0.35310334E+01
x
0.00000 EfCO
0.10000Ef01
0.20000E+01
O.30000EfOl
O.40000Ef01
0.50000E+01
0.60000E+Ol
o.70000 E+O 1
0,.80000 e+o 1
0',.90000E+01
Y
CI .13000E+0 2
I) .70000 E+O 1
O. 5\10C10E+O 1
O.50000E+C1
O.5COOOE+C1
O. 60000E+C 1
O.6COOOE+Ol
0.65f.lOOE+Cl
0.700008+01
O.75000E+Ol
F(X)
O.13182E+02
O.65913E+Ol
O.51081E+Cl
0.50168E+Ol
O.53049E+Ol
0.56963E+01
O.61159E+Ol
O.65432E+Ol
O.69726E+Ol
O.14025E+Ol
V-FIX)
-0.18161E+00
0.40813E+00
-O.lC813E+OO
-O.16849E-OI
-C.304<30E+OO
O.30367E+OO
-O.11593E+OO
-0. 43208E-(H
0.2741<3E-Ol
C.91416E-Ol
p
0.76923E-01
O.14286E+OO
Q.20000E+OO
0.2000GE+00
O.20000E+OO
O.16667E+OO
O.16667E+OO
O.1538SE+OO
O.14286E+OO
O.13333E+OO
I
!
I
!
I
I
FEHlERQUAORATSUMME = 0.66660862E-01
,...
I
I
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The iterative method for minimizing S is the same for both models.
We use the damped versionof the GAUSS-NEWTON method derived in f2J.
Abrief description and an ALGCL procedure for this method can be
found in f4J. The method has been described in particular and
compared with other methods for fitting to sums of exponentials
in r3~ where also numerical experience and difficulties have
been pointed out. Starting values for the required parameters
must be given. Then the method only fails to converge to a
stationary point of S if a certain matrix becomes singular 13J.
In this case either the data are too bad or the number of
exponentials toohigh or other starting values are necessary.
6. Programs for Models f 4 and f 5
A subroutine GAUSS (N, A, B, X, KK) must be made available which
solves a linear systems of N equations Ax = b for x if A is not
singular, otherwise it is left with KK = 1.
The main program requires the following input data~
I. IFF
11. N
NG
If IFF ~ 0 then go to 11 else end of the
input data
Number of data points (J!:U '!S.5oo)
Weighting (see 4.)
I
I
I
J.
J
ITMAX
Number of parameters (2 ~J .? 11 )
If NOP f 0, J must be even
If NOP 0, J must be odd
Maximal numbers of iterations to be performend
(recommended : 20)
NOP f 0/NQP
IH. - V.
NOP
see 4.
o
model f 4
model f S
VI. (A(I), I = 1,J) Starting values for the required parameters.
Start at 1.
An example for input data and the corresponding output is given
below.
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MAINPROGRAM FOR FITTING WITH SEVERAL EXPONENTIALS
DIMENSION A(11),X(SOO),Y(SOO),G(SOO),FU{SCO),FELO{1863)
COtJMON FELD
KI=8
KO=<;I
.000 RE A0 f KI ,1) I Ff
If(IFF)999,lC,lO
10 READ(KI,l)N,NG,J,ITMAX,NOP
READ(KI, I} (X( I), I=l,N)
READ(KI,I}(YCI),l=I,N)
IF(NG)12,12,11
11 REAOCKI,I)fG(Il,I=l,N)
12 READ(KI,l)(AlI),I=I,J)
WRITE(KO,UN
IF(NOP)14,,13,14
13 WRITE,( K0 , 2 )
GO TO 15
14 ~~RIT(K(J,3)
15 WRITECKO,4)J
WRITE(KO,5) (AfI),I=l,J)
CAlL EXPOtA,X,Y,G,N,J,NG,NOP,FU,FM,ITMAX,IFFHL)
WRITE(KO,6)ITtJAX
IFfIFEHL-l)l7,16,17
16 WRITE(KC,7}
GO Ta UnH)
17 WRITE(KO,8)(AtI),I=1,J)
WRITEtKO,9)FM
WRITE(KO,20)
00 18 I=l"N
H=YCI)-FUCIl
18 WRITE( K0 , 2U XCI) , Y( I ) , FU ( I) , H, G( I )
GO TO lCOO
999 STCP
21 FORMAT(IX,SE17.7)
20 FORMAT(lHO,79h X Y F(X)
1 V-FeX) G/1HC)
1 FORMATCIHl,3H ZU,I4,62H DATEN WIRD EIN AUSGLEICH IM SINNE DER KLE
lINSTEN QUADRATE MIT)
2 fCRMATCIHO,59hF(X)=Atll+At2)*[XPt-A(3)*X)+ ••• +AtJ-1)*EXP(-A{Jl*X)
IGEMÄ-CRTl
3 FCRMAT(lHO,54hF(X)=A(1)*EXP(-A(2)*X)+ ••• +A(J-l)*EXP(-A(J)*X) GEMAC
IHr>
4 FCRMAT(lH+,60X,7HMIT J =,13)
5 FORMATCIHO,33~DIE EINGEGEBENEN STARTWERTE WAREN/IHO,{7E17.8/»)
6 FORMATCIHO,4H~ACH,I3,12H ITERATIONEN)
7 FORMAT{lX~43HIST OIE FUNKTIONALMATRIX SINGULAER GEWORDEN/IHO,30HAN
lOERE STARTWERTE ERFORDERLICH)
8 FORMAT(1X~48HWURDEN FOLGENDE PARAMETER Alll, ••• ,ÄlJ) ERHALTEN/lHO,
1(7E17.8/»
9 FORMATCIHO,26~DIE FEHLERQUADRATSUMME IST,E20.8/1HOl
T
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SUBROUTINE EXPO(A,X,Y,G,N,J,NG,NOP.fU,fM.JTMAX,IFEHl)
C
DIMENSION A(2),AUIIJ,DA{11),B(11l,X(Z),Y(2J,G(Z) ,FUtZ)-
lENCZ7.Z7l,DFOA(11,lOO),FELD{1863)
C
C DIMENSION A(J),Al(J),DA(J),8(J),X(N),Y(N),G{N),FU(N),
C EN(J,J},OFDA{J,N),FElD{1863)
C
C
C
COMMON FELD
EQUl~ALENCE (FElDll),DA(1)',(FELDC12),AlCl'),
1{F,ELO(Z3),B(1», (FELD(34) ,EN(!,I) ),(fElO{763),DFDAtl,1l)
/
iIF( NG) 50(h5Q 1, 50Z
50000 503 I=l,N
503 G(I)=I.
GO Ta 50Z
501 00 504 1=I,N
504 G( I)=I./Y( I)
50Z IFEHL=O
IANZ=I)
RUND1= 1.-1. E-5
RUNDZ=1.+1.E-6
S=1.E45
300 IANZ::! ANZ-fil
IDAE=O
SUN=S*RUNDI
IF(IANZ-ITMAX)311,310,310
310 IFEHL=-l
GO TO 312
311 s:;:o.
00 404 K=l,N
IF(NOP}601,6CO,601
601 HK=O.
KK::Z
GOTD 602
600 HK=A( U
DFDAn,K)=l.
KK=3
60Z Da 405 I=~K,J,2
FH=EXP{-A( l) *x« K)
DFDA{I-l,K)=FI-i
DFOA(I,K)=-fH*A{I-l'*X{K,
HK=HK+A{ l-l)*FH
405 CONTINUE
FKT=HK
HF=(YIK)-FKT)
S=S+G(K)*HF*HF
IF(S-SUN)403,403,350
403 FU(K)=HF*G(K)
404 CONTINUE
00 302 1=1, J
HF=O.O
Da 303 K=l,N
303 HF=Hf+DFDA(I,K)*fU(Kl
B(I)=HF
302 CONTINUE
Da 304 l=l,J
00 304 K=l,J
HF=O.O
Da 305 L=l,N
o
24 ~1 5 20 0
.05 .1 .15 .2 .25 .3 .35 .4 .45 .5 .55 .~ .65 .7 .75 .8 .85 .9 .95 1. 1.05
1.1 1.15 1.2
2.51 2.04 1.67 1.37 1.12 .93 .77 .64 .53 .45 .38 .32 .21 .23 .2 .17 .15 .13
.11 .1 .09 .08 .07 .06
.05 3. 4. 1. 2.
o
24 -1 1 20 0
.05 .1 .15 .2 .25 .3 .35 .4 .45 .5 .55 .6 .65 .7 .75 .8 .85 .9 .95 1. 1.05
1.1 1.15 1.2
2.51 2.04 1.67 1.37 1.12 .93 .77 .64 .53 .45 .38 .32 .27 .23 .2 .17 .15 .13
.11 .1 .09 .08 .01 .06
.04 .4 7. 3. 4. .4 .2
-1
...
...
~
l.L
...
<I
Cl
C
~
Cl
2
U.
t-
v:
2
...
U.
lI::
"I,LI,..
...
+>u L:J
::il Z$:llI Z~l
::si'
....
Oll V')
1::
....
:I:
U
....
LW
~t'V')
::?
<[
Z
....
:.u
Cl
(Y.;
....
::r:
z
w
....
<[
0
..:t
N
-
:;)
N
305
304
340
C
C
319
314
350
352
354
310
312
312
101
100
102
299
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HF=HF+OFOACI,ll*GtLl*OFOA(K,ll
ENfl,K)=HF
CONTINUE
00 340 1=I,J
ENtI,I)=EN(I,Il*RUN02
CAll GAUSStJ,EN,BiOA,IFEHL)
If(IFEHl-l)319,999,319
00 314 I=l,J
All I ):;A( 0;
A(l) =A( I)+OA( 1)
GO Ta 300
IFfIOAE-10J352,352,370
IDAE=IOAE~l
Da 354 l=l,J
A(I)=(Afl)+1.5*A1(!l)*.4
GO Ta 311
oe 372 1=I"J
AfI)=AUI)
FM=O.O
00 315 K=l,N
IF(NDP1701,70C,701
HK=O.
KK=2
GOTD 702
HK=A (1)
KK=3
Da 299 I=KK,J,2
HK=HK+AfI-1)*eXP{-AI!)*XfK»
FU(K)=HK
FH=Y (K )-HK
FM=FM-t:GfK)*FH*FH
315 CONTINUE
Il'MAX=IANZ
999 RETURN
• 0
.... VI
W
• 0
.... VI
w
2~~iil
ZU 24 DATENiWIRO EIN AUSGLEICH IM SINNE OER KLEINSTEN QUADRATE MIT
F(X)=A(l)+A(2l*EXP(-A(3)*X}+ ••• +A(J-U*EXP(-A(J'*X) GEMACHT MIT J = 5
DIE EINGEGEBENEN STARf.WERTE WAREN
0.50000000 E-(} 1 ,;) .3~J<000000E+O 1 '"O.4C;,JOO(1CCE+Ol 0.10(1OOOOOE+01 0.,20000000E+Ol
NACH 6 ITERATIONEN
WURDEN FOLGENDE PARAMETER Atll, ••• ,A(J' ERHALTEN
0.16481979E-Ol 0.22634138E+Ol 0.48302326E+Ol O.81100~30E+OO O.25258549E+Ol
OIE FEHLERQUADRATSUMME IST O.10163917E-03
x
0.5000000E-01
0.1000000 E";00
0.1500000E+00
0.2000000E";00
0.2500000E":00
O.3000000E+'00
O.3500000E+.00
0.4000000E+00
O.4500000EH)O
o•5000000 EiZOO
0.5500000E+00
0.6000000E":00
O.6500000EfOO
0.7000000 E+.OO
0.1500000EiiO<.1
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